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ON ENERGY GAP PHENOMENA OF THE WHITNEY SPHERE
AND RELATED PROBLEMS
YONG LUO, JIABIN YIN
Abstract. In this paper, we study Lagrangian submanifolds satisfying∇∗T =
0 introduced by Zhang [21] in the complex space forms N(4c)(c ≥ 0), where
T = ∇∗h˜ and h˜ is the Lagrangian trace-free second fundamental form. We ob-
tain some integral inequalities and rigidity theorems for such Lagrangian sub-
manifolds. Moreover we study Lagrangian surfaces in C2 satisfying ∇∗∇∗T =
0 and introduce a flow method related to them.
1. Introduction
In [15], inspired by the study of Hamiltonian minimal submanifolds first intro-
duced and studied by Oh [17] and existence of minimizers of the Willmore functional
among compact Lagrangian tori in C2 proved by Minicozzi [16], Luo and Wang con-
sidered Lagrangian surfaces which are stationary points of the Willmore functional
among Lagrangian surfaces or their Hamiltonian isotropic classes in C2, where such
Lagrangian surfaces are briefly denoted by LW or HW surfaces respectively. Note
that by their definition, the class of HW surfaces is larger than that of LW surfaces,
and for HW surfaces they proved the following energy gap theorem.
Theorem 1.1 ([15]). There exists a constant ǫ0 > 0 such that if x : Σ→C
2 is a
properly immersed HW surface with ‖h‖L2(Σ) < ǫ0, where h is the second funda-
mental form of the immersion, then x is a Lagrangian plane.
Gap phenomena for Willmore surfaces in a Euclidean space was first obtained
by Kuwert and Sha¨tzler [9], which is crucial in their proof of long time existence
and convergence of the Willmore flow started from a compact surface with small
energy. The study of gap theorems for HW surfaces was also motivated by long time
behavior of the HW flow, a higher order flow defined by Luo and Wang [15]. But
unfortunately, it seems hard to get certain energy gap theorems for compact HW
surfaces by well known methods in the literature. It is natural to study the following
Problem 1: Study certain energy gap phenomena for compact HW surfaces in
C2.
To explain what kind of energy gap theorems we may expect for compact HW
surfaces we should mention several aspects on the Whitney sphere, which is defined
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by
φ : Sn → Cn
(x1, ..., xn+1) 7→
r
1 + x2n+1
(x1, x1xn+1, ..., xn, xnxn+1) +A,
where Sn = {(x1, ..., xn+1) ∈ R
n+1|x21 + ... + x
2
n+1 = 1}, r is a positive number
and A is a vector of Cn. Since a compact Lagrangian sphere in C2 can not be
embedded [8], by Li-Yau’s inequality [11] for the Willmore energy of surfaces we
see that the Willmore energy of Lagrangian spheres in C2 must be larger than
or equal to 8π, which is achieved by the (2-dimensional)Whitney sphere. Carstro
and Urbano [1] proved the Whitney sphere is the unique Lagrangian sphere with
Willmore energy equal to 8π, i.e. the Whitney sphere is the unique minimizer of
the Willmore functional among Lagrangian spheres in C2. Note that the existence
of minimizers of Willmore functional among Lagrangian tori in C2 was previously
proved by Minicozzi [16] mentioned above, by a direct variational method in spirit of
Simon [19], where the assumption of embeddedness is necessary in their argument.
Castro and Urbano [2] also proved that the Whitney sphere is the unique Willmore
Lagrangian sphere in C2.
The following 2-tensor, which is called the Lagrangian trace-free second funda-
mental form, plays an important role in the theory of Lagrangian submanifolds in
Cn(or more generally a complex form).
h˜(V,W ) := h(V,W )−
n
n+ 2
{〈V,W 〉H + 〈JV,H〉JW + 〈JW,H〉JV }, (1.1)
where h denotes the second fundamental form, H = 1
n
h denotes the mean curvature
vector field, J and 〈, 〉 denote the canonical complex structure and metric on Cn
respectively. Another important fact about the Whitney sphere, proved by Castro
and Urbano [1] for surfaces and Ros and Urbano [18] in general dimensions, is that
the vanishing of h˜ for Lagrangian submanifolds in Cn implies that they must be an
open part of totally geodesic Lagrangian submanifolds or the Whitney sphere. This
shows that the tensor h˜ plays a similar role with the trace-free second fundamental
form of hypersurfaces in a Euclidean space and the Whitney sphere plays a role in
Cn like that of round spheres in a Euclidean space.
Motivated by results and characterizations of the Whitney sphere mentioned
above, one may naturally study the following
Problem 2: Study certain energy gap phenomena for the Whitney sphere.
Partially motivated by Problems 1 and 2 above, recently Zhang [21] initiated the
study of a new kind of Lagrangian surfaces in C2, satisfying the equation ∇∗T = 0,
where T is a (0, 2) tensor defined by (note that definitions of T and H in our paper
differ from that of T,H in [21] by a constant in the coefficients)
T :=
1
2
∇(Hyω)−
1
4
div(JH)g. (1.2)
Zhang characterized properly immersed complete surfaces in C2 satisfying ∇∗T = 0
to be Lagrangian planes or the Whitney sphere if the L2 energy of h˜ is small enough
and the L2 energy of h decays like o(ρ2) on inverse image of balls of radius ρ in C2
centered at the zero point of C2.
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Note that Lagrangian submanifolds in a complex space form with T = 0 are
called Lagrangian submanifolds with conformal Maslov form, which are Lagrangian
counterparts of hypersurfaces in a real space form with constant mean curvature.
This class of submanifolds in Lagrangian geometry was proposed and systematically
studied in the 1990s by Castro, Montealegre, Ros, and Urbano [1, 3, 18].
In this paper, firstly we continue to study Lagrangian surfaces satisfying ∇∗T =
0. More generally, we will study Lagrangian submanifolds in complex formNn(4c)(c ≥
0) satisfying ∇∗T = 0. In this direction we obtain some integral inequalities for
such submanifolds in spirit of Simons [20].
Theorem 1.2. Let x : Mn → Nn(4c)(c ≥ 0) (n ≥ 3) be a compact Lagrangian
submanifold with ∇∗T = 0. Then there holds the Simons’ type integral inequality∫
M
|h˜|2
[
|h˜|2 − 2c(n+1)(n+3) −
2n2
(n+3)(n+2) |H |
2
]
dν ≥ 0. (1.3)
Moreover, equality in (1.3) holds if and only if h˜ = 0 and one of following alterna-
tives holds:
(1) c = 0, Mn is the Whitney sphere.
(2) c = 1, Mn is either totally geodesic or the Whitney sphere.
As a direct consequence of theorem 1.2, we have
Corollary 1.1. Let x : M → Nn(4c)(c ≥ 0) (n ≥ 3) be a compact Lagrangian
submanifold with ∇∗T = 0. If |h˜|2 ≤ 2c(n+1)(n+3) +
2n2
(n+3)(n+2) |H |
2, then h˜ = 0, and
one of following alternatives holds:
(1) c = 0, Mn is the Whitney sphere.
(2) c = 1, Mn is either totally geodesic or the Whitney sphere.
Remark 1.1. In [5] Chao and Dong obtained rigidity theorem of Lagrangian sub-
manifolds with conformal Maslov form (T = 0). They proved that if |h˜|2 ≤
4c(n+1)
3(n+2) +
4n2|H|2
3(n+2)2 and M
n is nonminimal, then h˜ = 0. Our theorem improved
their result even in the case T = 0.
Moreover when n = 2, we have the following optimal Simons’ type integral
inequalities.
Theorem 1.3. Let x : Σ → N2(4c)(c ≥ 0) be a compact Lagrangian surface with
∇∗T = 0. Then we have ∫
M
|h˜|2(|h˜|2 − 2c− |H |2)dν ≥ 0,
and equality holds if and only if one of the following alternatives holds:
(1) c = 0, Σ is the Whitney sphere or φ0,α, α ∈ [0, π].
(2) c = 1, Σ is a totally geodesic surface, the Whitney sphere or the Calabi
tori.
As a direct consequence of the theorem 1.3, we have
Corollary 1.2. Let x : Σ → N2(4c)(c ≥ 0) (n ≥ 2) be a compact Lagrangian
submanifold with ∇∗T = 0. If |h˜|2 ≤ 2c+|H |2, then one of the following alternatives
holds:
(1) c = 0, Σ is the Whitney sphere or φ0,α, α ∈ [0, π].
4 YONG LUO, JIABIN YIN
(2) c = 1, Σ is a totally geodesic surface, the Whitney sphere or the Calabi
tori.
Remark 1.2. φ0,α, α ∈ [0, π] appears in the statement of theorem 1.3 and corollary
1.2 are examples of compact Lagrangian tori in C2 which were constructed and
characterized by Castro and Urbano [1] to be the only compact flat Lagrangian tori
in C2 with conformal Maslov form. In particular φ0,pi is the well known Clifford
torus. The Calabi tori are compact Lagrangian tori in C2 stated in appendix of
[14], which are characterized by Luo and Sun to be the only compact tori in N2(4c)
with parallel mean curvature vector field. Our classification result relies on these
classification results.
Remark 1.3. Similar integral inequality and characterization results was recently
obtained by the first author [12, 13] for another kind of Lagrangian surfaces satis-
fying a higher order geometric partial differential equation, that is CSL surfaces in
S
5(or H-minimal surfaces in CP2) .
Secondly, the energy gap theorem for Lagrangian surfaces in C2 satisfying∇∗T =
0 due to Zhang was mainly inspired by study of long time behavior of the HW flow
defined by Luo and Wang [15]. It is also very natural to consider a flow related
to Lagrangian surfaces satisfying ∇∗T = 0. But unfortunately we can not find a
proper way to achieve this. This suggests us to consider a more generally class
of Lagrangian surfaces in C2 satisfying ∇∗∇∗T = 0. From the point of view of
partial differential equations, this class of Lagrangian surfaces in C2 should have
closer relationship with HW surfaces defined in [15]. Furthermore, unlike HW
surfaces, we can obtain an energy gap theorem for compact Lagrangian spheres in
C2 satisfying ∇∗∇∗T = 0.
Theorem 1.4. Assume that x : S2 → C2 is a Lagrangian immersion satisfying
∇∗∇∗T = 0. Then there exists a constant ǫ0 > 0 such that if∫
Σ
|h˜|2dν ≤ ǫ0,
then x is the Whitney sphere.
More importantly, like in [15] we can define a flow method to study this class of
surfaces, and the well posedness of this flow can be verified similarly with that of
HW flow in [15].
Theorem 1.5. Let x0 be a closed Lagrangian surface in C
2. The flow{
∂
∂t
x(t) = −J∇∇∗∇∗T,
x(·, 0) = x0(·),
(1.4)
is well-posed. Namely, there exists a T0 > 0 and an unique family of Lagrangian
surfaces x(t), t ∈ [0, T0), satisfying (1.4).
The proof of theorem 1.5 follows the argument developed in the proof of the
well posedness of the HW flow due to Luo and Wang [15], by observation that
such a flow could be rewritten in the cotangent bundle of its initial surface by the
famous Weinstein’s tubular neighborhood theorem in symplectic geometry, which
is equivalent to a parabolic six-order scalar flow.
When the initial surface topologically is a sphere, this flow could be reduced
to a parabolic scalar flow and we would like to ask the following interesting and
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challenging
Problem 3: Does the flow (1.4) exist for all time and converge to the Whit-
ney sphere at infinity when the initial Lagrangian surface is topologically a sphere
and has small enough energy of h˜ in L2?
In section 2 we give some preliminaries on Lagrangian submanifolds in a complex
space form, including basic properties of the second fundamental form of Lagrangian
submanifolds and the three basic equations(Gauss, Ricci, Codazzi) for Lagrangian
submanifolds. In section 3 we prove our main theorem 1.2 and theorem 1.3. In
section 4 we study Lagrangian surfaces in C2 satisfying ∇∗∇∗T = 0 and a flow
related to them. The proof of theorem 1.4 and theorem 1.5 will be sketched in this
section.
2. Preliminaries
Let Nn(4c) be a complete, simply connected, n-dimensional Ka¨hler manifold
with constant holomorphic sectional curvature 4c. Let Mn be an n-dimensional
Lagrangian submanifolds in Nn(4c). We denote also by g the metric on Mn. Let
∇ (resp. ∇¯) be the Levi-Civita connection of Mn (resp. Nn(4c)). The Gauss and
Weingarten formulas of Mn →֒ Nn(4c) are given, respectively, by
∇¯XY = ∇XY + h(X,Y ) and ∇¯XV = −AVX +∇
⊥
XV, (2.1)
where X,Y ∈ TM are tangent vector fields, V ∈ T⊥M is a normal vector field; ∇⊥
is the normal connection in the normal bundle T⊥M ; h is the second fundamental
form and AV is the shape operator with respect to V . From (2.1), we easily get
g(h(X,Y ), V ) = g(AVX,Y ). (2.2)
The mean curvature vector H of M is defined by H = 1
n
traceh.
For Lagrangian submanifolds, we have
∇XJY = J∇
⊥
XY, (2.3)
AJXY = −Jh(X,Y ) = AJYX. (2.4)
The above formulas immediately imply that g(h(X,Y ), JZ) is totally symmetric.
To utilize the moving frame method, we will use the following range convention
of indices:
i, j, k, l,m, p, s = 1, . . . , n; i∗, j∗, k∗, l∗ = n+ 1, . . . , 2n.
Now, we choose a local adapted Lagrangian frame {e1, . . . , en, e1∗ , . . . , en∗} in
Nn(4c) in such a way that, restricted to Mn, {e1, . . . , en} is an orthonormal frame
of Mn, and {e1∗ = Je1, . . . , en∗ = Jen} is the orthonormal normal vector fields of
Mn →֒ Nn(4c). Let {θ1, . . . , θn} be the dual frame of {e1, . . . , en}. Let θij and
θi∗j∗ denote the connection 1-forms of TM and T
⊥M , respectively.
Put hk
∗
ij = g(h(ei, ej), Jek). It is easily seen that
hk
∗
ij = h
j∗
ik = h
i∗
jk, ∀ i, j, k. (2.5)
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Denote by Rijkl := g
(
R(ei, ej)el, ek
)
and Rijk∗ l∗ := g
(
R(ei, ej)el∗, ek∗
)
the com-
ponents of the curvature tensors of ∇ and ∇⊥ with respect to the adapted La-
grangian frame, respectively. Then, we get the Gauss, Ricci and Codazzi equations:
Rijkl = c(δikδjl − δilδjk) +
∑
m
(hm
∗
ik h
m∗
jl − h
m∗
il h
m∗
jk ), (2.6)
Rijk∗ l∗ = c(δikδjl − δilδjk) +
∑
m
(hm
∗
ik h
m∗
jl − h
m∗
il h
m∗
jk ), (2.7)
hm
∗
ij,k = h
m∗
ik,j , (2.8)
where hm
∗
ij,k is the components of the covariant differentiation of h, defined by
n∑
l=1
hm
∗
ij,lθl := dh
m∗
ij +
n∑
l=1
hm
∗
il θlj +
n∑
l=1
hm
∗
jl θli +
n∑
l=1
hl
∗
ijθl∗m∗ , (2.9)
Then from (2.5) and (2.8), we have
hm
∗
ij,k = h
i∗
jk,m = h
j∗
km,i = h
k∗
mi,j . (2.10)
We also have Ricci identity
hm
∗
ij,lp − h
m∗
ij,pl =
∑
k
hm
∗
kj Rkilp +
∑
k
hm
∗
ik Rkjlp +
∑
k
hk
∗
ij Rk∗m∗lp, (2.11)
where hm
∗
ij,lp is defined by∑
p
hm
∗
ij,lpθp = dh
m∗
ij,l +
∑
p
hm
∗
pj,lθpi +
∑
p
hm
∗
ip,lθpj +
∑
p
hm
∗
ij,pθpl +
∑
p
h
p∗
ij,lθp∗m∗ .
The mean curvature vector H of Mn →֒ Nn(4c) is
H = 1
n
n∑
i=1
h(ei, ei) =
n∑
k=1
Hk
∗
ek∗ , H
k∗ = 1
n
∑
i
hk
∗
ii .
Letting i = j in (2.9) and carrying out summation over i, we have
Hk
∗
,l θl = dH
k∗ +
∑
l
H l
∗
θl∗k∗ ,
and we further have
Hk
∗
,i = H
i∗
,k (2.12)
for any i, k.
3. Lagrangian submanifolds in Nn(4c)(c ≥ 0) satisfying ∇∗T = 0
In this section, we will establish a Simons’ type integral inequality and gap
theorem for Lagrangian submanifolds in Nn(4c) satisfying ∇∗T = 0, i.e. to give a
proof of theorem 1.2 and theorem 1.3.
In this section we assume that x :Mn → Nn(4c)(c ≥ 0) is a Lagrangian immer-
sion and n ≥ 3.
Firstly, we define a trace-free tensor h˜(X,Y ) defined by
h˜(X,Y ) = h(X,Y )−
n
n+ 2
{
g(X,Y )H + g(JX,H)JY + g(JY,H)JX
}
(3.1)
for any tangent vector fields X,Y on Mn.
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For h˜ = 0, Castro and Urbano for c = 0, n = 2 [4] (and Ros and Urbano [11] for
higher dimensional case) and Chen and Vrancken for c 6= 0 [6] proved the following
famous classification theorem:
Theorem 3.1. Let x :Mn → Nn(4c)(c ≥ 0) be a Lagrangian immersion, then
h(X,Y ) =
n
n+ 2
{
g(X,Y )H + g(JX,H)JY + g(JY,H)JX
}
holds for any tangent vectors X and Y on M if and only if ϕ(M) is either an open
part of the Whitney sphere or a totally geodesic submanifold.
With respect to Lagrnagian frame {e1, . . . , en, e1∗ , . . . , en∗} in N
n(4c), we have
h˜m
∗
ij =h
m∗
ij −
n
n+ 2
(
Hm
∗
δij +H
i∗δjm +H
j∗δim
)
=hm
∗
ij − c
m∗
ij
(3.2)
where cm
∗
ij =
n
n+2
{
Hm
∗
δij +H
i∗δjm +H
j∗δim
}
.
The first covariant derivatives of h˜m
∗
ij are defined by
n∑
l=1
h˜m
∗
ij,lθl := dh˜
m∗
ij +
n∑
l=1
h˜m
∗
il θlj +
n∑
l=1
h˜m
∗
jl θli +
n∑
l=1
h˜l
∗
ijθl∗m∗ , (3.3)
The second covariant derivatives of h˜mij are defined by
n∑
l=1
h˜m
∗
ij,klθl := dh˜
m∗
ijk +
n∑
l=1
h˜m
∗
ljk θli +
n∑
l=1
h˜m
∗
ilk θlj +
n∑
l=1
h˜m
∗
ijl θlk +
n∑
l=1
h˜l
∗
ijkθl∗m∗ , (3.4)
On the other hand, we have the following Ricci identities
h˜m
∗
ij,kp − h˜
m∗
ij,pk =
∑
l
h˜l
∗
ljRlikp +
∑
l
h˜l
∗
ilRljkp +
∑
l
h˜l
∗
ijRl∗m∗kp. (3.5)
The following proposition links those geometric quantities together:
Lemma 3.1. Let x : Mn → Nn(4c) be a Lagrangian immersion, then the La-
grangian trace-free second fundamental form h˜ satisfies
|h˜|2 = |h|2 −
3n2
n+ 2
|H |2. (3.6)
∑
m
h˜m
∗
ij,m =
n
n+2
(
nHi
∗
,j − divJH δij
)
. (3.7)
Proof. (3.6) and (3.7) can be immediately obtained from (3.2). 
Definiton 3.1. We define a (0, 2)-tensor T in local orthonormal basis:
Tij =
1
n
∑
m
hm
∗
ij,m =
1
n+2
(
nHi
∗
,j −
∑
k
Hk
∗
,k δij
)
(3.8)
Remark 3.1. T is a trace-free tensor and symmetric. T = 0 if and only if JH is a
conformal vector field.
Theorem 3.2. Let x :Mn → Nn(4c) be a Lagrangian immersion. Then
|∇H |2 ≥ 1
n
|divJH |2,
and equality holds if and only T = 0.
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Proof. By direct computation and (3.8), we have 0 ≤ |T |2 = ( n
n+2 )
2
(
|∇H |2 −
1
n
|divJH |2
)
. If |∇H |2 − 1
n
|divJH |2 = 0, then T = 0. 
Remark 3.2. In [1, 3, 18], Castro, Montealegre, Ros and Urbano systematically
studied Lagrangian submanifolds in a complex space form with conformal Maslov
form (i.e. T = 0) and obtained related classification theorems.
Lemma 3.2. Let x :Mn → Nn(4c) be a Lagrangian immersion. Then
∑
ijmk
h˜m
∗
ij h˜
m∗
ij,kk =(n+ 2)
∑
mij
(h˜m
∗
ij Tij)m − n
2
∑
mij
[
(Hi
∗
Tij)j −H
i∗Tij,j
]
+
∑
ijmkl
h˜m
∗
ij
(
h˜m
∗
lk Rlijk + h˜
m∗
il Rlkjk + h˜
l∗
ikRl∗m∗jk
) (3.9)
Proof. By using Codazzi equation and (3.2), the definition of h˜ under local coordi-
nates is just
h˜m
∗
ij,k = h˜
m∗
ik,j +
n
n+2
(
δikH
m∗
j + δkmH
i
j − δijH
m∗
k − δjmH
i∗
k
)
(3.10)
With the help of Ricci identity (3.5), (3.8) and (3.10), we have
∑
k
h˜m
∗
ij,kk =
∑
k
h˜m
∗
ik,jk +
∑
k
n
n+2
(
δikH
m∗
jk + δkmH
i
jk − δijH
m∗
kk − δjmH
i∗
kk
)
=
∑
k
h˜m
∗
ik,kj +
∑
kl
h˜m
∗
lk Rlijk +
∑
kl
h˜m
∗
il Rlkjk +
∑
kl
h˜l
∗
ikRl∗m∗jk
+
∑
k
n
n+2
(
δikH
m∗
jk + δkmH
i
jk − δijH
m∗
kk − δjmH
i∗
kk
)
=
∑
k
h˜m
∗
kk,ij +
∑
kl
h˜m
∗
lk Rlijk +
∑
kl
h˜m
∗
il Rlkjk +
∑
kl
h˜l
∗
ikRl∗m∗jk
+
∑
k
n
n+2
(
δikH
m∗
jk + δkmH
i
jk − δijH
m∗
kk − δjmH
i∗
kk
)
+ nTim,j .
(3.11)
Then, by using (3.8), we have
∑
ijmk
h˜m
∗
ij h˜
m∗
ij,kk =
∑
ijmkl
h˜m
∗
ij
[
h˜m
∗
lk Rlijk + h˜
m∗
il Rlkjk + h˜
l∗
ikRl∗m∗jk
]
+
∑
mij
h˜m
∗
ij
[
Tmj,i + Tij,m
]
+ n
∑
mij
h˜m
∗
ij Tim,j
=
∑
ijmkl
h˜m
∗
ij
[
h˜m
∗
lk Rlijk + h˜
m∗
il Rlkjk + h˜
l∗
ikRl∗m∗jk
]
+ (n+ 2)
∑
mij
h˜m
∗
ij Tijm
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On the other hand, by using (3.8), we have∑
mij
h˜m
∗
ij Tijm =
∑
mij
(h˜m
∗
ij Tij)m −
∑
mij
h˜m
∗
ijmTij
=
∑
mij
(h˜m
∗
ij Tij)m − n
∑
ij
TijTij
=
∑
mij
(h˜m
∗
ij Tij)m −
n2
n+2
∑
ij
Hi
∗
j Tij
=
∑
mij
(h˜m
∗
ij Tij)m −
n2
n+2
∑
ij
[
(Hi
∗
Tij)j −H
i∗Tij,j
]
Thus, we obtain the assertion. 
Next, we will compute that Laplacian of |h˜|2 as follows
1
2
∆|h˜|2 =|∇h˜|2 + (n+ 2)(h˜m
∗
ij Tij)m − n
2
[
(Hi
∗
Tij)j −H
i∗Tij,j
]
+
∑
ijkml
h˜ij h˜
m∗
lk Rlijk
︸ ︷︷ ︸
I
+
∑
ijkml
h˜m
∗
ij h˜
m∗
il Rlkjk
︸ ︷︷ ︸
II
+
∑
ijkml
h˜m
∗
ij h˜
l∗
ikRlmjk
︸ ︷︷ ︸
III
. (3.12)
I =c
∑
ijkml
h˜m
∗
ij h˜
m∗
kl (δljδik − δlkδij) +
∑
ijkmlt
h˜m
∗
ij h˜
m∗
kl (h˜
t∗
lj h˜
t∗
ik − h˜
t∗
lk h˜
t∗
ij )
+
∑
ijkmlt
h˜m
∗
ij h˜
m∗
kl (h˜
t∗
lj c
t∗
ik + c
t∗
lj h˜
t∗
ik − h˜
t∗
lkh˜
t∗
ij − c
t∗
lkh˜
t∗
ij + c
t∗
lj c
t∗
ik)
=c|h˜|2 + n
2
(n+2)2 |h˜|
2|H |2 + 2n
n+2
∑
jklmt
h˜m
∗
jk h˜
m∗
kl h˜
t∗
ljH
t∗
+
∑
ijkmlt
h˜m
∗
ij h˜
m∗
kl (h˜
t∗
lj h˜
t∗
ik − h˜
t∗
lk h˜
t∗
ij ) +
2n2
(n+2)2
∑
ijkm
h˜m
∗
ij h˜
m∗
jk H
i∗Hk
∗
(3.13)
II =(n− 1)c|h˜|2 +
∑
ijkmlt
h˜m
∗
ij h˜
m∗
li
(
nh˜t
∗
ljH
t∗ + nct
∗
ljH
t∗
− h˜t
∗
lk h˜
t∗
kj − h˜
t∗
lkc
t∗
kj − c
t∗
lk h˜
t∗
kj − c
t∗
lkc
t∗
kj
)
=(n− 1)c|h˜|2 + n
3
(n+2)2 |h˜|
2|H |2 + n
2−2n
n+2
∑
ijlmt
h˜m
∗
ij h˜
m∗
li h˜
t∗
ljH
t∗
+ n
2(n−2)
(n+2)2
∑
ijml
h˜m
∗
ij h˜
m∗
li H
j∗H l
∗
−
∑
ijkmlt
h˜m
∗
ij h˜
m∗
li h˜
t∗
lk h˜
t∗
kj
(3.14)
III =−
∑
ijkmlt
h˜m
∗
ij h˜
l∗
ki(h˜
m∗
tj h˜
l∗
tk − h˜
m∗
tk h˜
l∗
tj + h˜
m∗
tj c
l∗
tk + c
m∗
tj h˜
l∗
tk
− h˜m
∗
tk c
l∗
tj − c
m∗
lk h˜
l∗
tj + c
m∗
tj c
l∗
tk − c
m∗
tk c
l∗
tk) + c|h˜|
2
=−
∑
ijkmlt
h˜m
∗
ij h˜
l∗
ki(h˜
m∗
tj h˜
l∗
tk − h˜
m∗
tk h˜
l∗
tj) + c|h˜|
2 + n
2
(n+2)2 |h˜|
2|H |2
+ 2n
2
(n+2)2
∑
ijkm
h˜m
∗
ij h
m∗
jk H
i∗Hk
∗
+ 2n
n+2
∑
ijmtl
h˜m
∗
ij h
m∗
tj h
l∗
tiH
l∗
(3.15)
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Set Ai∗ = (h˜
i∗
jk). Then it follows from (3.11)-(3.15) that
1
2
∆|h˜|2 =(n+ 2)(h˜m
∗
ij Tij)m − n
2
[
(Hi
∗
Tij)j −H
i∗Tij,j
]
+ |∇h˜|2 + (n+ 1)|h˜|2 + n
2
(n+2) |h˜|
2|H |2
+
∑
ij
tr(Ai∗Aj∗ −Aj∗Ai∗)
2 −
∑
ij
(trAi∗Aj∗)
+ n
∑
ijlmt
h˜m
∗
ji h˜
m∗
jt h˜
l∗
tiH
l∗ + n
2
(n+2)
∑
ijkm
h˜m
∗
ij h˜
m∗
jk H
i∗Hk
∗
(3.16)
In order to prove the theorem 1.2 and 1.3, we need the follow lemma.
Lemma 3.3 ([10]). Let B1, . . . , Bm be symmetric (n×n)-matrices (m ≥ 2). Denote
Smk = trace(BmBk), Sm = Smm = N(Bm), S =
∑m
i=1 Si. Then∑
m,k
N(BmBk −BkBm) +
∑
mk
S2mk ≤
3
2
S2.
Now we need to estimate the right hand side of (3.16), mainly the last two terms
on the last line of (3.16).
If H 6= 0, e1∗ ‖ H , rechoosing {ei}
n
i=1 such that h˜
1∗
ij = λiδij , denoting
SH =
∑
jl
(h˜1
∗
jl )
2 =
∑
j
λ2j , Si∗ =
∑
jl
(h˜i
∗
jl )
2,
and S =
∑
i Si∗ . Then by using lemma 3.3, we have
1
2
∆|h˜|2 ≥(n+ 2)(h˜m
∗
ij Tij)m − n
2
[
(Hi
∗
Tij)j −H
i∗Tij,j
]
+ |∇h˜|2 + (n+ 1)c|h˜|2 + n
2
(n+2) |h˜|
2|H |2 − 32S
2
+ n|H |
∑
i
λiSi∗ +
n2
n+2
∑
i
λ2i |H |
2
≥(n+ 2)(h˜m
∗
ij Tij)m − n
2
[
(Hi
∗
Tij)j −H
i∗Tij,j
]
+ |∇h˜|2 + (n+ 1)c|h˜|2 + n
2
(n+2) |h˜|
2|H |2 − 32S
2
+ n2
∑
i
(|H |λi + Si)
2 − n2
∑
i
S2i
≥(n+ 2)(h˜m
∗
ij Tij)m − n
2
[
(Hi
∗
Tij)j −H
i∗Tij,j
]
+ |∇h˜|2 + (n+ 1)c|h˜|2 + n
2
(n+2) |h˜|
2|H |2 − n+32 S
2
+ n2
∑
i
(|H |λi + Si)
2
(3.17)
If H = 0, the last two terms in the last line of (3.16) equal to zero and the above
inequality (3.17) holds, by using lemma 3.3 once more.
Since M is compact and ∇∗T = 0, we have
0 ≥
∫
M
|h˜|2
[
(n+ 1)c+ n
2
(n+2) |H |
2 − n+32 |h˜|
2
]
dν
Therefore, equality holds in the above inequality implies Mn is totally geodesic or
h˜ = 0(here we used the fact that equality in lemma 3.3 can not be achieved except
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Mn is totally geodesic if n ≥ 3, proved by Li and Li [10]). Then, from classification
results of Carstro and Urbano [1], Ros and Urbano [18] and Chen and Vrancken’s
[6] we have
(1) c = 0, Mn is the Whitney sphere.
(2) c = 1, Mn is either totally geodesic or the Whitney sphere.
This completes the proof of theorem 1.2.
When n = 2, we obtain from (3.12) that
0 =
∫
M
|∇h˜|2 + 3K|h˜|2dν ≥
∫
M
3
2 (2c+ |H |
2 − |h˜|2)|h˜|2dν (3.18)
Therefore, equality holds in (3.18) if and only if h˜ = 0 or ∇h˜ = 0 and K = 0.
For the first case, from classification results of Carstro and Urbano [1] and Chen
and Vrancken’s [6], we have
(1) c = 0, Σ is the Whitney sphere.
(2) c = 1, Σ is either totally geodesic or the Whitney sphere.
Now, we consider the last case. Since ∇∗T = 0, it is easy to see that
0 = 14 (2
∑
j
Hi
∗
,jj −
∑
k,j
Hk
∗
,kjgij)
= 14 (H
i∗
jj +KH
i∗).
Then,
0 = 12
∫
M
∆|H |2 =
∫
M
|∇JH |2 −K|H |2 =
∫
M
|∇JH |2, (3.19)
which implies that ∇JH = 0. Therefore Σ is flat Lagrangian surface with ∇h˜ = 0
and ∇JH = 0.
If c = 1, from Proposition 3.3 of [14], we see that Σ is a flat Calabi torus stated
in the appendix of [14].
If c = 0, from Proposition 3 and remark 6 of [1] we see that Σ is a Lagrangian
immersion given by φ0,α(α ∈ [0, π]) , defined in [1]. This completes the proof of
theorem 1.3.
4. Lagrangian surfaces in C2 satisfying ∇∗∇∗T = 0
In this section we study Lagrangian surfaces in C2 satisfying the equation∇∗∇∗T =
0, as well as a flow method related with them. The aim of this section is to prove
theorem 1.4 and theorem 1.5.
4.1. Proof of Theorem 1.4. By theorem 3.1 in [21], we see that for any cut off
function γ ∈ C1c (Σ), with |∇γ| ≤
C0
R
, if ǫ0 is small enough, we have∫
Σ
(|∇h˜|2 + |H |2|h˜|2)γ2dν ≤ C
∫
Σ
〈∇∗T,H〉γ2dν +
C
R2
∫
γ>0
|h|2dν. (4.1)
Since Σ is compact, when R is large enough we have γ ≡ 1 on Σ, therefore for R
sufficiently large∫
Σ
(|∇h˜|2 + |H |2|h˜|2)dν ≤ C
∫
Σ
〈∇∗T,H〉dν +
C
R2
∫
Σ
|h|2dν.
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Now because Σ is topologically a sphere and Hyω is a closed one form on Σ by
Dazord [7], there exists a smooth function f on Σ such that H = ∇f . Hence∫
Σ
〈∇∗T,H〉dν =
∫
Σ
〈∇∗∇∗T, f〉dν = 0.
We obtain ∫
Σ
(|∇h˜|2 + |H |2|h˜|2)dν ≤
C
R2
∫
Σ
|h|2dν.
Letting R → ∞, we get h˜ = 0, and therefore Σ is the Whitney sphere, by Castro
and Urbano [1].
4.2. Proof of Theorem 1.5. The proof of theorem 1.5 could be completed by
following the argument used in the proof of well posedness of the HW flow in [15].
For the convenience of readers we gives some details here. Note that
Tij =
1
4
(2Hi
∗
,j −
∑
k
Hk
∗
,k g),
hence
(∇∗T )i =
1
4
(2
∑
j
Hi
∗
,jj −
∑
k,j
Hk
∗
,kjgij)
=
1
4
(2
∑
j
Hi
∗
,jj −
∑
k,j
Hk
∗
,jkgij +KH
i∗)
=
1
4
(2
∑
j
Hi
∗
,jj −
∑
k,j
H
j∗
,kkgij +KH
i∗)
=
1
4
∑
j
Hi
∗
,jj +
1
4
KHi
∗
,
where in the second equality we used Ricci formula to switch the second order
covariant derivatives of H and in the last equality we used the symmetry of Hk
∗
,j
by (2.12). Therefore we have
∇∗T =
1
4
(∆JH) +
1
4
KJH,
and
∇∗∇∗T =
1
4
div∆(JH) +
1
4
div(KJH).
Then if xt is a graph, i.e. there exists ϕt ∈ C
∞(Σ) such that
xt = (x, y, ∂1ϕt, ∂2ϕt),
by similar discussion with that of [15], on page 216, the flow equation (1.4) is
reduced to a parabolic scalar equation
d
dt
ϕt =
1
4
∆3ϕt + lower order terms.
In general, by the argument in [15], the flow equation (1.4) can be seems as a flow
equation for Lagrangian surfaces in the cotangent bundle of the initial surface, by
using Weinstein’s tubular neighborhood theorem. Then the flow equation can be
seem as a parabolic scalar equation in a short time interval, similar with the graph
case discussed above. At last the well posedness of the flow follows from a general
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theorem of Huisken and Polden [4] for the well posedness of scalar parabolic partial
differential equations on a Riemannian manifold.
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